ABSTRACT In the absence of sufficient degradation data of long-lifetime and highly reliable products, a step-stress accelerated degradation model based on nonlinear diffusion process is proposed to estimate the remaining useful life (RUL), with the advantage of requiring small sample size and short test time. For multiple uncertainties caused by inherent properties, individual differences, measurement equipment performance and artificial deviations in the degradation process, this model considers the temporal variability, unit-to-unit variability and measurement errors in both performance degradation and covariates. To estimate the RUL, we derive an analytical approximation to the first hitting time (FHT) of the nonlinear diffusion process crossing a predetermined threshold with the consideration of measurement errors. Based on maximum likelihood estimation (MLE), a modified simulation and extrapolation (SIMEX) method, called MLE-SIMEX, is developed for estimating unknown parameters in the established model. The usefulness of the proposed model is demonstrated by a simulation case and a real-world example. The results reveal that considering nonlinearity and multiple sources of variability in the step-stress accelerated degradation process can improve the model fitting and the accuracy of RUL estimation.
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I. INTRODUCTION
Prognostics and health management (PHM) is a technology that evaluates the reliability of a system and takes necessary management measures to effectively improve the reliability and reduce the operational risk of the system [1] . As an important part of PHM, predicting the degradation trend and estimating the remaining useful life (RUL) by condition monitoring (CM) data that characterizes system performance has attracted widespread attention of researchers and engineers in recent years [2] - [4] . The RUL of a system is defined as the length of time from the present time to the end of useful life. Based on the RUL estimation, appropriate actions such as condition-based maintenance (CBM), optimal inspection and spare part ordering can be planned to ensure the safe and economic operation of the system. This is particularly important for safety-critical systems such as, aircraft engines, or inertial navigation platforms [5] , [6] . Continuous improvements of modern design level and manufacturing process, coupled with the increasing demand for high-quality products, have promoted more and more long-lifetime and highly reliable products, especially in aerospace and military fields. Because of time-consuming and high cost, traditional estimation methods are always difficult to apply to this kind of product effectively [7] , [8] . In order to obtain more degradation or failure data, engineers often have to operate products in harsher condition, e.g. a combination of higher temperature, random vibration, pressure and voltage, to speed up the failure of products or hasten the degradation of their performance [9] . In some cases, even accelerated life testing (ALT) cannot produce sufficient failure data. Nevertheless, the failure of a product is usually associated with the degradation of some performance characteristic of the product. Under the harsh operating conditions, the degradation process of the product can be accelerated. Therefore, accelerated degradation testing (ADT) has become an efficient method to collect the degradation data of products [10] , [11] .
The types of ADT can be divided into constant-stress, step-stress, and progressive-stress [12] . Although constantstress ADT (CSADT) has the advantage of easy stress application, it often takes a long test duration to obtain enough degradation data [13] . Progressive-stress ADT (PSADT) is difficult to implement and the subsequent calculation is cumbersome [14] . In comparison, step-stress ADT (SSADT) is less difficult to implement and has higher efficiency, which can be able to achieve comparable evaluation accuracy at lower sample sizes [15] . Therefore, SSADT has been widely applied in the reliability assessment and RUL estimation for many products (see e.g., [11] , [15] - [17] and references therein).
After obtaining the degradation data, the stochastic degradation processes can be used to model these data so as to estimate the RUL. For complicated systems or products, nonlinearity and variability are two vital factors impact on degradation processes. Currently, most studies on RUL estimation method focus on linear models [18] , [19] or models that can be linearized by the time-scale [10] , [20] , [21] or logarithmic transformations [22] - [24] . The nature of such transformations is to reconstruct data, which are limited to several special types of nonlinear degradation processes. Si et al. [25] presented a more general nonlinear Wiener-process-based model for RUL estimation. Inspired by the work [25] , Tang et al. [26] proposed an accelerated degradation process modeling method with random effects for the nonlinear Wiener process. Huang et al. [27] presented a state-space model to characterize nonlinear heterogeneous degradation processes. Sun et al. [28] developed a novel nonlinear ADT model for products with multiple performance parameters using a general Wiener process and copulas. It is worth noting that, even in rarely reported nonlinear accelerated degradation data modeling cases, the research on RUL estimation utilizing nonlinear accelerated degradation data in SSADT is still very limited.
Besides the nonlinearity mentioned above, different kinds of variability are another feature that should be considered in degradation modeling process. Generally, the uncertainty of degradation process under normal conditions is caused by multiple sources of variability, which has attracted extensive attention in recent years. Ye et al. [29] developed a mixed effects model with measurement errors to explore the traditional Wiener process with positive drifts compounded with i.i.d. Gaussian noises. Si et al. [30] proposed a general linear degradation model based on a Wiener process, considering three sources of variability and incorporating their effects into the RUL estimation. Ye and Xie [3] provided a summary of stochastic process models for degradation processes contaminated by random white noises. Zheng et al. [31] presented a nonlinear degradation model to characterize the degradation nonlinearity and the three-source variability simultaneously. Similar to normal conditions concerned in the above studies, degradation processes in SSADT also witness multiple sources of variability, including temporal variability, unit-tounit variability and measurement errors in both performance degradation and covariates.
As for the temporal variability, Si et al. [32] pointed out that the stochastic process model can contain the temporal variability related to the evolution of degradation. Commonly used stochastic models to model the degradation processes for the RUL estimation include random coefficient regression models [33] , Gamma processes [34] , inverse Gaussian processes [35] , Wiener processes [36] , and so on. Significant studies and recent advances in these models can be found in several review papers [37] , [38] . Hu et al. [39] modeled a degradation path of product by a Wiener stochastic process and investigated the optimum design of a SSADT for obtaining precise estimations of model parameters. Zhang et al. [40] presented a reliability demonstration method by SSADT for products with Gamma degradation process. Wang et al. [41] proposed a cumulative exposure (CE) model based on Inverse Gaussian process for the typical SSADT and provided an optimal testing plan. In these models, Wiener processes have favorable and flexible mathematical properties in modeling non-monotonic degradation signals frequently encountered in practice [29] , [42] . Therefore, this paper mainly focuses on the degradation model driven by Wiener processes.
The unit-to-unit variability in SSADT results from heterogeneity among products, including initial degradation values and changes in degradation rates. For the variability in initial degradation values, it can be transformed into a stochastic degeneration process with initial degeneration of zero [6] . Besides, the degradation rates described by the drift parameters in degradation models also reflect the heterogeneity among units. Usually, the drift parameter is regard as random parameter, and the relationship between drift parameter and accelerated stress in SSADT should be determined first. Some scholars consider that the drift parameter of Wiener process was related to accelerated stress but the diffusion parameter was independent of accelerated stress [39] , [43] - [45] . For example, Hu et al. [39] proved that a drift parameter under the Wiener degradation model was a linear function of the stress level. Lim and Yum [45] assumed that the relationship between the drift parameter and the stress variable can be described as the Arrhenius model. In this paper, we also consider the case that the drift parameter is related to the accelerated stress.
In addition, due to the limitations in the performance of the measurement equipment and artificial deviations in the reading of analogue measuring instruments, measurement errors can be found in most measurement processes of both covariates (test stresses) and degradation performance. For measurement errors in covariates, Cook and Stefanski [46] proposed a simulation and extrapolation (SIMEX) method when the covariate measurement error was introduced. Carroll et al. [47] further proved the superior performance of SIMEX method in nonlinear models. Yang et al. [48] considered the single-index measurement errors model with mismeasured covariates in the nonparametric part, and adopted a SIMEX method based on local linear smoother and the estimating equation to solve it. Similarly, many scholars have conducted extensive and in-depth research on measurement errors in performance degradation. Li et al. [21] proposed a Wiener process model simultaneously incorporating temporal variability, individual variation and measurement errors to analyze the CSADT and SSADT. Cai et al. [49] built the nonlinear Wiener-process-based degradation model with random effect and measurement errors, and derived an analytical approximation to the probability density function (PDF) of the product's lifetime in a closed form. It is noted that the influence of measurement errors in performance degradation is considered in the degradation modeling in above researches, but the influence of measurement errors in the RUL estimation is not considered. This will result in the low accuracy of the RUL estimation and affect the decision-making of maintenance or replacement strategies for products.
Together with the above discussions, the nonlinearity of degradation process and multiple sources of variability, are vital factors required to be considered in the development of SSADT models and the RUL estimation. However, the majority of researches on SSADT modeling just consider only part of the above-mentioned characteristics. In particular, the researches of the variability of measurement errors in covariates are extremely limited. The purpose of this paper is to establish a nonlinear SSADT degradation model to estimate the RUL of the product in a more practical way, while considering the above discussed multiple sources of variability. To do so, we develop a nonlinear diffusion-process-based SSADT model to characterize the degradation process, which simultaneously considers the temporal variability, unit-tounit variability and measurement errors in both performance degradation and covariates. Based on the concept of first hitting time (FHT), the PDF of the RUL considering measurement errors is derived in this paper. Combining the methods of SIMEX and maximum likelihood estimation (MLE), a modified MLE-SIMEX method is proposed to estimate the model parameters based on SSADT data. Finally, the usefulness of the proposed model is demonstrated by a simulation case and a real-world example.
The remaining parts of the paper are organized as follows. In Section II, we develop a diffusion-process-based step-stress accelerated degradation model considering multiple sources of variability. Section III proposes the main theoretical results for calculating the PDF of the RUL, and the procedure for parameter estimation and updating. Two case studies are presented to verify the proposed model in Section IV. Section V concludes the paper.
II. NONLINEAR MODEL DESCRIPTION A. NONLINEAR DEGRADATION MODELING
In this paper, {X (t), t ≥ 0} is used to describe a nonlinear diffusion process [25] . Let X (t) denote the performance degradation of the product at time t, represented as
where the degradation process {X (t), t ≥ 0} is driven by a standard Brownian motion (BM) B (t) with a nonlinear drift a · µ(t; θ). In model (1), a · µ(t; θ) and σ are the drift and diffusion parameters, respectively. µ(t; θ) is a nonlinear function over time t with unknown parameter vector θ, which can be utilized to describe the nonlinear and time-varying performance of product. a is a proportional parameter controlling the speed of the nonlinear degradation denoting the heterogeneity between different products while θ is used to determine the shape of the degradation progression representing the common characteristics of products. Without loss of generality, it is assumed t = 0 and X (0) = 0 for simplicity throughout the paper. The model (1) uses a relatively general Wiener process with a nonlinear drift part. It is general since it can cover linear models used in the literature and include a variety of nonlinear paths through selecting the forms of µ(t; θ). For example, if µ(t; θ) is a constant, (1) is reduced to the Wiener process with a constant drift, which has been widely used to model degradation processes with linear paths.
To estimate the lifetime of the degrading product, it usually defines the lifetime as the first time that the degradation process reaches the failure threshold. Thus, by the concept of FHT, the lifetime T of the degrading product can be formally defined as
where ω is a preset constant failure threshold determined by industry standards and experts experience. For the stochastic degradation process given by (1) , when the stochasticity of the parameter a is not considered, the PDF of the product lifetime T can be approximated as [25] 
where
B. ACCELERATED DEGRADATION MODELING BASED ON SSADT
In the following, we will elaborate on accelerated degradation modeling based on SSADT and the relationship between model parameters and the accelerated stress. In this paper, we consider a K steps SSADT with N products working independently. The testing starts at a lower stress S 1 at the initial time t = 0. Each products will experience a predetermined stress loading process S 1 , S 2 , · · · , S K and end at fixed time t = T K . The stress for products is elevated when the time reaches for the predetermined threshold
. Therefore, the testing stress of the K steps SSADT can be expressed in (4) and shown in Fig. 1 .
In general, temperature, electrical current, voltage, humidity, rotating speed, load, and UV radiation are the most common accelerated stress variables. According to the actual working conditions and the failure mechanism of the specimen, the combination of these variables can also be applied. According to different accelerated stresses, the appropriate acceleration model is selected for degradation modeling. Commonly used acceleration models are the Arrhenius model, the inverse power law model, and the Eyring model. Assuming that the drift parameter a is related to the accelerated stress in this paper. In the case of temperature stress as the main stress affecting the degradation of products, the Arrhenius model is usually used to describe the relationship between the performance degradation and temperature stress, expressed as
where ξ can be regard as the parameter in performance degradation model of the product at the temperature accelerated stress, S is the temperature accelerated stress, c is the constant related to the failure mode, the type of accelerated testing and other factors, d is also a constant related to the activation energy and Boltzmann constant.
In this paper, a, as parameter related to accelerated stress, can be substituted for ξ in (5). We define that a k denotes the drift parameter a at different accelerated stress S k , expressed as
C. MODEL DESCRIPTION CONSIDERING MULTIPLE SOURCES OF VARIABILITY
In the following, we intend to describe a more practical SSADT model by integrating nonlinearity and multiple sources of variability, including temporal variability, unit-tounit variability and measurement errors in both performance degradation and covariates. For the {B (t) , t ≥ 0}-driven nonlinear degradation model (1), the inherent variability of the stochastic degradation process over time is described, which is called temporal variability.
Each individual in the same type of product will show different initial degradation X (0) due to the level of the manufacturing process. For a specific product, the distribution of the initial degradation can be selected and tested based on the factory testing or incoming inspection for batches of products. Without loss of generality, it is assumed t = 0,
Moreover, the degradation trajectories will show different degradation rates because of different working conditions as well. Therefore, the degradation rate parameters are used as random parameters to describe the unit-to-unit variability. Drift parameter a k determines the degradation trajectory of the product under the k − th stress. Considering the random effect of a k , c a in the accelerated model (5) can be regard as a random variable and c a ∼ N µ c , σ 2 c is assumed. In fact, using random variable and the assumption of Gaussian distribution are common and reasonable approach in the research field of degradation modeling. Then, we assume
In addition, it is often impossible to accurately measure the hidden degradation state of the product in practice. On the VOLUME 7, 2019 contrary, the measurement data related to the hidden degradation state of the product obtained by condition monitoring are inevitably affected by the measurement uncertainty caused by noise, interference, irrational instruments and so on. In this case, the monitoring data obtained can only partly reflect the hidden degradation state of the product. In order to describe the effect of measurement uncertainty, the measurement process is {Y (t) , t ≥ 0}, which is used to describe the relationship between the uncertainty measurement at time t and the hidden degradation state of the product. The actually measured degradation Y (t) is expressed as
where ε is the random measurement errors, assumed to be independent and identically distributed (i.i.d.) with ε ∼ N 0, σ 2 ε . It should be noted that generally ADTs are assumed to be conducted under specified stresses, which are measured and controlled to specified level in the test. But the existence of measurement errors makes that the products are actually degrading under unknown test stresses. These errors for accelerated stress can be found in most measurement process of covariates. Then, the measurement errors in covariates can be characterized by random variable ϕ, and ϕ ∼ N 0, σ 2 ϕ . As a result, the actually measured accelerated stress level S ϕ is expressed as
In summary, the accelerated degradation model considering multiple sources of variability can be reconstructed with a state-space model as
The basic principles for the proposed SSADT model considering nonlinearity and multiple sources of variability are shown in Fig. 2 .
It is known from the degradation mechanism of the product that the initial value of the performance degradation in the next stress is the termination value of the degradation process in the previous stress, and the measurement value of the performance degradation process under the SSADT can be described as
where 
III. LIFETIME DISTRIBUTION AND PARAMETERS ESTIMATION OF THE PROPOSED DEGRADATION MODEL A. DERIVATION OF THE RUL DISTRIBUTION
It is difficult to derive a general analytical form of the PDF of the FHT when µ (t, θ) is not a constant. An approximate lifetime distribution in a closed form (3) is developed in [25] . Based on the concept of the FHT, the lifetime distribution of product T e associated with {Y (t) , t ≥ 0} considering multiple sources of variability can be defined as
with the PDF f T e (t). Obviously, the lifetime T e considering multiple sources of variability from {Y (t) , t ≥ 0} has a certain difference from the lifetime T . Since {X (t) , t ≥ 0} is difficult to measure accurately, only {Y (t) , t ≥ 0} can be used to estimate the lifetime of products in practice. In the following, based on (8), we try to obtain the distribution of T e .
For simplicity, we begin with deriving the PDF f T e (t) of lifetime T e without considering the random effects of the parameters in the following derivations. We introduce Lemma 1 to obtain the lifetime distribution function.
Lemma 1 [25] : If Z ∼ N µ, σ 2 , and ω, β, M ∈ R, Q ∈ R + , then
Based on Lemma 1, we can obtain the PDF of the FHT by the law of total probability. The main results are summarized in the following Theorem.
Theorem 1: For the degradation process {Y (t) , t ≥ 0} given by (8) and the definition of the lifetime in (12), the PDF f T e |a (t) can be formulated as
The proof is given in the Appendix A. For the derivation of the RUL distribution, we assume two cases here: one is that only the accelerated degradation data for a batch of products is known, and the RUL of the batch of products is estimated, and the other is that we also know the degradation data of a product at working stress except for the accelerated degradation data for a batch of products, and estimating the RUL of this product.
Case 1: Only the accelerated degradation data for a batch of products is known.
For this case, we define the RUL L k of the product at time
where f T e |a (t k + l k ) is the PDF of the lifetime at t k + l k , and
f T e |a (s) ds is the reliability function of time t k . Considering that the random effect of the model parameter a expressed as (7), the PDF of the lifetime at time t k can be formulated by the law of total probability as
where p (a) is the PDF of a.
Since (17) is difficult to obtain an analytical expression, and its result depends on the distribution form of parameters, which has no universality. In this paper, the PDF of the product lifetime with random parameter can be obtained by MCMC method. As a result, the key for estimating the RUL is to derive the PDF f T e |a (t) of lifetime T e . (17) is the model for a population of identical items without taking into account the individually observed degradation data for each item. As for users, once the observed degradation data for the individual become available, the RUL can be estimated. In the next case, we focus on deriving the RUL estimation for the individual.
Case 2: Not only know the accelerated degradation data of a population of samples, but also the degradation data of an individual at working stress are known.
At present, we proceed to estimate the RUL at a particular point of time t k , which is the k − th measurement point from the starting time. It is known that Y (t k ) denotes the degradation state of the product at time t k . Using the concept of the FHT, we define the RUL L k of the product at time t k as [25] 
It is not a straightforward transformation of ω by ω−Y (t k ), so we proposed anther theorem as follows.
Theorem 2: Consider that unknown parameters are fixed, and that there are no random effects among them. The PDF of the RUL can be formulated at time t k with the available degradation measurement
The proof is given in the Appendix B.
In the above derivations, we assume that there is no random effect in the model parameter. However, different items have variability in their degradation paths. This result can be interpreted as the unit-to-unit variability. In the current literature, considering the random effect in a parameter is a common way to characterize this variability. For simplicity, we consider that a is the random effect representing between-item variation, and that it follows a normal distribution expressed as (7) . To facilitate the derivation in the case of considering the random effect in unknown parameters, we give the following Lemma.
Lemma 2 [25] :
Based on the Lemma 2, we can obtain the PDF of the FHT by the law of total probability. The main result is summarized in the following Theorem.
Theorem 3: For the degradation process {Y (t) , t ≥ 0}, if a ∼ N µ a , σ 2 a and the degradation measurement Y (t k ) at time t k is available, the PDF of the RUL can be formulated at time t k as
The proof is given in the Appendix C. To end this section, we summarize the main steps deriving the RUL distribution of the product under SSADT with considering multiple sources of variability.
Step 1: Constructing a general nonlinear degradation process based on the Wiener Process. The standard BM B (t) describes the inherent variability of the stochastic degradation process over time.
Step 2: The relationship between drift parameter a and accelerated stress S k is established by using the Arrhenius model.
Step 3: Considering the measurement errors in performance degradation, we obtain an analytical approximate PDF of the FHT of the hidden degradation state x (t) crossing failure threshold ω as the lifetime distribution.
Step 4: The PDF of the RUL at time t k is derived by utilizing the current degradation observation with considering the unit-to-unit variability according to Theorem 2.
For parameter estimation, the usual maximum likelihood estimation (MLE) method cannot be used to estimate the unknown parameters in (22) . In the following, we show how to estimate the unknown parameters from the available accelerated degradation data.
B. PARAMETERS ESTIMATION
Considering that the test stresses, such as temperature, humidity and so on, are usually measured by commonly used instruments, it is feasible to estimate the parameter σ 2 ϕ from independent samples and logically independent of the other unknown parameters. Therefore, σ 2 ϕ is assumed to be known in this paper.
Moreover, the existence of measurement errors in covariates makes the theoretical covariates S unknown. Therefore, the degradation measurements are actually taken under covariates S ϕ associated with measurement errors ϕ, and ϕ ∼ N 0, σ 2 ϕ , which makes it difficult to obtain an analytical form of the likelihood function.
In the following, a modified MLE-SIMEX method is proposed in this paper to deal with parameters estimation of nonlinear SSADT considering multiple sources of variability. 
2) LINE ART FIGURES
To achieve parameter estimation, we assume that the test stress levels are S = S ϕ1 , S ϕ2 , · · · , S ϕK . There are N tested products, and the degradation measurements y t ijk is the i − th measured data of the j − th sample at the k − th accelerated stress, and t ijk is the corresponding measurement time, where
n k is the total number of measurements at k − th accelerated stress. The corresponding degradation state is denoted by x t ijk . Therefore, the degradation measurements y t ijk from (10) is given by
where t ijk denotes the i − th measurement time of the j − th sample at the k − th accelerated stress, t n k jk = T k . c aj denotes the coefficient of drift parameter a j from (6). t ijk can be denoted as
For simplicity, let Y j = y t 1j1 , y t 2j2 , · · · , y t n k jk denotes the degradation measurements vector of the j − th sample, T j = t 1j1 , t 2j2 , · · · , t n k jk , where (·) denotes the vector transposition, and Y denotes all the accelerated degradation data, consisting of Y j , j = 1, 2, · · · , N .
According to (22) , Y j with measurement errors-free covariates S ϕ follows a multivariate normal distribution with mean and covariance as follows
Due to the assumption of the degradation measurements of different items, the log-likelihood function over parameter set (g, m) = (µ c , σ c , σ, σ ε , θ, d a ) can be written as
Taking the first partial derivative of the log-likelihood function (26) with respect to µ c and σ c gives
We assume two cases here: one is that all samples are measured at the same time, and the other is that the samples are measured at different time points.
Case 1: Degradation measurements are available for all paths at the same time, and the number of measurements of each sample is the same, i.e. n k is a constant for all samples, and t ijk = t ilk , for j, l = 1, 2, · · · , N .
As a result, the subscript of T j , j and j in (26)- (30) can be removed. Thus, using (27) and (28), we can reduce (30) and (30) 
Then, for specific values of σ , σ ε , θ and d a , and setting these two derivatives to zero, the results of MLE for µ c and σ c can be expressed aŝ
As a result, the profile likelihood function for σ , σ ε , θ and d a , in terms of estimated µ c and σ c , can be written as
The MLE of σ , σ ε , θ and d a can be obtained by maximizing the profile log-likelihood function (34) through a multi-dimensional search. Then, substitutingσ ,σ ε ,θ and d a into (32) and (33), we can obtain the MLE for µ c and σ c accordingly. Thus, the corresponding MLEsˆ (g, m) are obtained.
Case 2: Degradation measurements are available for all paths at different times, and different numbers of measurements for each sample.
It is clear that (30) may not have an explicit solution through setting the right-hand side of (30) to zero. Thus, for the specific values of σ , σ ε , θ and d a , and setting the first derivatives of (26) with respect to µ c to zero, the result of the MLE for can be expressed aŝ
Then, the profile log-likelihood function of σ c , σ , σ ε , θ and d a , in terms of estimated µ c , can be written as σ
The MLE of σ c , σ , σ ε , θ and d a can be obtained by maximizing the profile log-likelihood function (37) , as shown at the bottom of this page, through a multi-dimensional search. Now, substitutingσ c ,σ ,σ ε ,θ andd a into (36), we can obtain the MLE for µ c . Thus, the corresponding MLEsˆ (g, m) are obtained.
In this paper, we use the MATLAB function ''fminsearch'' for multi-dimensional search. The function ''fminsearch'' is a MATLAB function using the simplex search method and details can be found in [50] .
Then for sequences v m ,ˆ (m) : v m ∈ V , regression analysis is conducted separately for each component of (m). And the final parameter estimationsˆ can be obtained by extrapolating the regression models to v = −1.
C. PARAMETERS UPDATING
Accelerated degradation data for a batch of samples is known, and the priori estimation of the degradation model parameters can be obtained according to the parameter estimation method in Section 3.2. For a product of the same batch, the parameters of the degradation model can be updated according to Bayesian method, if its degradation data at working stress is known, so that the real-time RUL estimation can be obtained.
Assume that, for a product in service, there are κ in-situ degradation data at working stress up to the current time t κ , denoted as Y κ = [y 1 , y 2 , · · · , y κ ], where y κ denotes the measured degradation state at t κ . According to the results of Section 3.2, the prior distribution a is subject to a normal distribution with a ∼ N µ a0 , σ 2 a0 . Then, the posterior joint PDF p (a |Y κ ) can be deduced by Bayesian method as follows in (37) , where p (Y κ |a ) is the likelihood function and p (a) is the prior joint PDF,
µ(τ ; θ)dτ . Since both p (Y κ |a ) and p (a) obey the normal distribution, the posterior distribution p (a |Y κ ) belongs to the same distribution family as the prior distribution as follow
By substituting the updated parameters (40) into (21), we can obtain the PDF of the RUL for a specific product at time t κ .
IV. EXAMPLES OF APPLICATION OF THE METHODS
In this section, we provide simulation case for laser data and practical case for drift degradation data of gyroscopes in the inertial navigation system (INS) to illustrate the application of the proposed method and conduct comparative studies with some existing models. It is noted here that, as for an illustrative purpose, we adopt µ(t; θ) = θt θ−1 in the following case studies. This type of power law function has been frequently used to model the degradation rate in the literatures [4] , [10] , [25] .
To compare the fitting of the proposed model and some existing models, the Akaike information criterion (AIC) [51] , and mean squared errors (MSE) were both used. AIC balances the log-likelihood function with the number of parameters estimated to overcome the over-parameterization problem. The AIC is calculated as AIC = −2 · max + 2b (40) where b is the number of estimated model parameters, and max is the maximum log-likelihood function.
In order to further quantitatively compare the RUL estimation accuracy of the proposed model and some existing models, the MSE of the RUL estimation is introduced as
where ∼ κ is the actual RUL at time t κ , and f L κ ( κ |Y κ ) is the PDF of the RUL. The smaller the value of MSE, it shows that the model has better accuracy in RUL estimation.
In both criteria, the smallest values of AIC and MSE correspond to the best fitting accuracy, and thus they can serve as criteria for model selection. 
A. RUL ESTIMATION BY LASER DATA
We provide simulation case for laser data to illustrate the effectiveness and superiority of the proposed method. Based on the laser data in [34] and [52] , the estimated values of the model parameters µ c , σ c , σ and σ ε are obtained by using the method in [18] , as shown in Table 1 . On this basis, a set of nonlinear accelerated degradation data under SSADT is obtained by using Monte Carlo simulation method. The operating characteristic parameter of the laser is sensitive to temperature stress. Assuming that the product is mainly affected by temperature stress, the relationship between the performance degradation rate and the temperature stress is in accordance with the Arrhenius model. When the operating performance characteristic parameter exceeds the failure threshold, it is considered to be invalid, and the preset failure threshold is ω = 10. Set the working temperature is 25 • C, let θ = 1.15, d c = 2600 and σ ϕ = 1, take the step-stress as 25 • C, 50 • C and 75 • C, measured once every 40h, and 5 times under each stress. The simulation results of the eight samples step-stress acceleration degradation curves are shown in Fig. 3 . In the following, the proposed model is termed as M 1 , the method based on linear Wiener process termed as M 2 , and the method based on logarithmic transformation, termed as M 3 , for comparative purpose. All three methods take into account multiple sources of variability, including temporal variability, unit-to-unit variability and measurement errors in both performance degradation and covariates.
Under M 1 , M 2 and M 3 separately, we obtain the MLEs of the unknown parameters in these models based on the modified MLE-SIMEX method presented in Section 3.2. Firstly, set M = 16, v M = 2, K = 3 and G = 50, we can obtain the simulated stresses S ϕk (g, m) considering the measurement errors in covariates by simulation step. Then, substituting S ϕk (g, m) into the log-likelihood function (26) , the estimated values of the parametersˆ (g, m) can be obtained by the MLE step. Finally, the parameter estima- For comparisons, we summarize the corresponding estimation results of the parameters, the log-likelihood function (log-LF) values and the mean time to failure (MTTF) and the AIC values from the fitted models in TABLE 1. From TABLE 1, we can see that our resulting parameters, log-LF and MTTF estimations are slightly different from the true values. In terms of the estimated parameters, M 1 show a significant improvement compared with M 2 and M 3 . In addition, the method M 1 displays an obviously better fitting than M 2 and M 3 according to the log-LF and AIC. This better performance comes from the nonlinear nature of the laser degradation data. Correspondingly, we obtain the PDFs of the lifetime at time 0 for M 1 , M 2 and M 3 , respectively, as shown in Fig. 3 . Squares of different colors represent the estimated lifetime by different methods.
Because the degradation paths of the lasers' data are nonlinear, it is natural that method M 1 should achieve a better fit of the PDFs of the lifetimes and the associated PDFs of RULs. From Fig. 3 , we can see that the PDF of the estimated lifetime for M 1 is the closest to the lifetime PDF described by the true value of model parameters and has a large deviation from the results of M 2 and M 3 . In order to compare these three methods more intuitively, and further illustrate the usefulness of the proposed method in RUL estimation, we show the estimated RUL curves for a batch of samples from M 1 , M 2 and M 3 at measuring points every 300 hours when only the accelerated degradation data are known. The estimation results and relative errors (RE) of the RUL are shown in the TABLE 2.
It can be observed from Table 2 that the basic trend of the RUL estimation errors of these three methods is consistent, but the RE of the results by M 1 is always better than M 2 and M 3 . M 2 does not consider the nonlinearity of the degradation data, and thus the RE of the RUL estimation increases significantly. M 3 uses the logarithmic transformation to linearize the nonlinear accelerated degradation data, and then takes advantage of the linear Wiener process to estimate the RUL. Although M 3 takes the nonlinearity of the degradation data into account, since the worst fitting between the degeneration data and model after logarithmic transformation among the three methods, the deviation from the actual RUL is the largest. In order to compare these three methods more intuitively, the estimated PDF of the RUL, the average RUL and the actual RUL of three methods at each measurement time are plotted respectively, as shown in Fig. 6 . Fig. 6 indicated that the estimated PDF of the RUL and the average RUL obtained by M 1 are much better than M 2 and M 3 . In addition, the uncertainty in the estimated PDFs of the RUL under the three methods is the smallest. The results show that the linear degradation model cannot be applied for the RUL estimation of nonlinear degradation products. In addition, the ability of logarithmic transformation to linearize the accelerated degradation data is limited in this example. It is also verified that not all data can be converted to linear data only through data transformation.
In addition, the evolving paths of the MSE at each measurement point for these three methods can be determined by (42) , as shown in Fig. 7 .
The result of M 1 maintains in a relatively low level compared with M 2 and M 3 . It is further imply that the proposed method has a higher RUL estimation accuracy. Further proved that the necessity of considering the nonlinearity in degradation processes if the process is or appears to be nonlinear.
However, with the passage of time, the RE of the estimated RULs by the three methods all tend to increase. This is because the estimation of the RULs only depends on the initial estimations of the model parameters, and the estimation errors will accumulate with the increase of time, resulting in a large deviation between the estimation results and the actual values. This requires us to update the model parameters in real time according to the degradation data of the product when estimating the RUL of the individual product, so as to achieve higher estimation accuracy.
B. RUL ESTIMATION BY DRIFT DEGRADATION DATA OF GYROSCOPES IN INS
The state of gyroscope plays a decisive role in the accuracy of INS. Once the observed drift of the gyroscope exceeds the preset threshold, it is necessary to repair or replace the gyroscope to maintain the accuracy of INS. Because of the high cost of gyroscopes, only a limited number of gyroscopes in the same batch can be tested to obtain drift degradation data. Considering that the temperature is the main factor affecting the drift of gyroscope, the relationship between the drift degradation data and the temperature stress is in accordance with the Arrhenius model. In our SSADT, the threshold is set 0.6 • h, and the step-stresses are 50 • C, 60 • C and 70 • C. The gyroscopes work continuously in the actual working environment, recording drift degradation data automatically every one hour, and recording 6 times under each stress. The testing results of the six samples are shown in Fig. 8 .
To illustrate the effectiveness and superiority of the proposed method, the proposed model is termed as M 1 , the method based on nonlinear diffusion process without consider the measurement errors in M 4 both performance degradation and covariates termed as M 4 . We obtain the MLEs of the unknown parameters in these models based on the modified MLE-SIMEX method presented in Section 3.2. For comparison, the corresponding estimation results of the parameters, the log-LF values and the MTTF; and we calculate the AIC from the fitted models shown in the Table 3 . As shown in TABLE 3, the estimated values of θ in M 1 and M 4 clearly confirm the nonlinear characteristics. Because the measurement errors are not considered in M 4 method, the parameter estimations are quite different. From Table 3 , we can see that M 1 clearly outperforms M 4 in terms of the log-LF and AIC. Similar to the previous study, the PDFs of the lifetimes of the two methods at time zero are shown in Fig. 9 for comparison.
It is obvious that there are significant differences among the PDFs of the lifetimes under M 1 and M 4 with this drift degradation data of gyroscopes. We can also see that the uncertainty in the estimated PDFs of the lifetimes under M 1 is smaller than M 4 from Fig. 9 .
We now use an individual gyroscope from the same type to test our obtained models, and demonstrate their results in RUL estimation at run time. The drift degradation data is recorded every 1.5 hours, a total of 14 data are obtained, as shown in Fig. 10 . As can be seen from this figure, the degradation trajectory reaches the failure threshold for the first time after the 13-th data. In this study, the true lifetime of the sample is approximately considered as L = 20.10 hours. After the i − th (1 ≤ i ≤ 13) measurement is obtained, the RUL estimation of the sample is performed. During the RUL estimation, the model parameters are updated by the Bayesian method once the new degradation measurement is available. For M 1 and M 4 separately, the processes of parameters updating are shown in Fig. 11 .
To illustrate the usefulness of the proposed method in RUL estimation, according to the initial estimations of the model parameters in Table 4 and the updated values of the parameters with the degradation data, we show the RUL estimation results under M 1 and M 4 at different measuring points based on actual observed degradation data, respectively. The estimation results of the RUL and the corresponding RE are shown in the TABLE 4.
It can be seen from Table 4 that there are some deviations among two methods in the initial stage of the RUL estimation. The two methods update the parameters µ a and σ a by using the drift degradation data obtained continuously at working stress. The RUL estimation obtained by the M 1 is closer to the actual RUL. Moreover, the RE is gradually reduced and stabilizes at about 2% after the 3-th parameters updating. With the accumulation of measurement errors, the REs of the RUL estimation under M 4 increases significantly.
In addition, we show the PDF of the RUL, the estimated mean RUL, and the actual RUL for this item in Fig. 12 for comparison.
As shown in Fig. 12 , M 4 cannot be comparable with the performance of M 1 . The reason is clearly due to the proposed method considers multiple sources of variability, especially the measurement errors in both performance degradation and covariates, which further demonstrates the importance of considering multiple sources of variability.
In addition, the evolving paths of the MSE at each measurement point for the two methods can be determined by (42) , as shown in Fig. 13 .
The results in Fig. 13 further imply that the proposed method can improve the effectiveness and superiority of the RUL estimation by considering the measurement errors in both performance degradation and covariates.
Based on the above two case studies, the effectiveness of the proposed method is proved. The experiment results indicate the necessity of using nonlinear model to model the stochastic degradation process when the degradation process is nonlinear. Considering that there are multiple variabilities in practice, the case studies prove that the method M 1 is more reasonable and can obtain good estimation results.
V. CONCLUSION
Aiming at the variability of degradation processes in SSADTs, this paper proposed a novel nonlinear SSADT model considering multiple sources of variability to estimate the RUL of product. A nonlinear diffusion process is adopted to deal with the nonlinearity and temporal variability. The variability of degradation rate is modeled as the heterogeneity among test units. The inevitable measurement errors in both performance degradation and covariates (accelerated stresses) are also considered. A modified MLE-SIMEX offline parameter estimation method is developed based on the proposed SSADT model. Meanwhile, we also studied that how to update the parameters of the degradation model for the current operating product online by using Bayesian theory each time when newly observed degradation data are available. Moreover, the PDF of the RUL considering the measurement errors in performance degradation is derived under the concept of the FHT, which can be useful for establishing more economical and efficient design improvement methods and maintenance or replacement strategies. Our method differs from the existing work in two essential respects. First, we developed a step-stress accelerated degradation model using a nonlinear diffusion process, which has a nonlinear drift with time, and thus most of the current methods using a linear drift are special cases of our method. The second difference consists in considering multiple sources of variability, especially the measurement errors in both performance degradation and covariates, and providing an analytical approximation of the PDF of the RUL considering the measurement errors. In the end, two case studies for lasers and gyroscopes are conducted to exemplify the proposed method. With comparisons to three existing models, it is concluded that the presented method can generate better results for nonlinear degradation processes, and considering multiple sources of variability can improve the accuracy of the RUL estimation.
Although the examples proved that the proposed method in this paper can play a better role in nonlinear cases, our research is still in the preliminary stage. Specifically, our approximation approach is from a practical point of view and needs more theoretical analysis. In addition, more sources of variability can be considered in the SSADT model, such as modeling uncertainty, which can be solved by model selection, hypothesis testing and misspecification analysis. If the degradation state is underlying or we only observe partial information, then a state-space model might be required. Furthermore, drift parameters and measurement errors may be expressed as more general random distributions, which deserves further study.
APPENDIX A. PROOF OF THEOREM 1
From (8), we have Y (t) = X (t) + ε, where ε ∼ N 0, σ 2 ε . As a result, the lifetime T e can be calculated by the time of {Y (t) , t ≥ 0} hitting the threshold ω − ε. To do so, the law of total probability is used to incorporate the randomness involved in ε due to the measurement errors. Specifically, we calculate the PDF of T e as follow f T e (t) = f T e |ε (t)p (ε) dε = E ε f T e |ε (t)
where f T e |ε (t) can be obtained by replacing ω with ω − ε in (3). Then, (43) , as shown at the bottom of this page. Let B = ω − a · h (t, θ), C = σ 2 t, Z = ε, the expectation in (43) can be evaluated by Lemma 1 as follow (44) , as shown at the bottom of this page.
where φ = . This completes the proof of Theorem 1.
f T e (t) = f T e |ε (t)p (ε) dε
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